Abstract For any positive integer k, we show that infinitely often, perfect k-th powers appear inside very long gaps between consecutive prime numbers, that is, gaps of size
Introduction
In 1938, Rankin [12] proved that the maximal gap, G(x), between primes x, satisfies 1 
G(x) (c + o(1))
logx log 2 x log 4 x (log 3 x) 2 ,
Rankin's lower bound (1) is probably very far from the truth. Based on a probabilistic model of primes, Cramér [1] conjectured that lim sup X→∞ G(X) log 2 X = 1, and Granville [3] , using a refinement of Cramér's model, has conjectured that the lim sup above is in fact at least 2e −γ = 1.229 . . .. Cramér's model also predicts that the normalized prime gaps p n+1 −p n log p n should have exponential distribution, that is, p n+1 − p n C log p n for about e −C π(X) primes X.
Our aim in this paper is to study whether or not long prime gaps, say of the size of the right hand size of the inequality in (1) , occur when we impose that an integer of a specified type lies inside the interval. To be precise, we say that a number m is "prime avoiding with constant c" if m + u is composite for all integers u satisfying |u| c log m log 2 m log 4 m (log 3 m) 2 .
Here we will be concerned with prime avoiding perfect powers. 
Sieve estimates
Throughout, constants implied by the Landau O-symbol and Vinogradov ≪-symbol are absolute unless otherwise indicated, e.g. by a subscript such as ≪ u . The symbols p and q will always denote prime numbers. Denote by P + (n) the largest prime factor of a positive integer n, and by P − (n) the smallest prime factor of n. We need several standard lemmas from sieve theory, the distribution of "smooth" numbers, and the distribution of primes in arithmetic progressions.
Lemma 2.1
For large x and z x log 3 x/(10 log 2 x) , we have
Proof. This follows from standard counts of smooth numbers. Lemma 1 of Rankin [12] also suffices. ⊓ ⊔ Lemma 2.2 Let R denote any set of primes and let a ∈ {−1, 1}. Then
Proof. Standard sieve methods [5] . ⊓ ⊔ Finally, we require a bound of "large sieve" type for averages of quadratic character sums.
Lemma 2.3
For any set P of primes in [2, x] , and for any ε > 0,
Proof. This follows immediately from Theorem 1 of [6] . ⊓ ⊔ 3 k-th power residues and prime ideals
One of our principle tools is the following estimate for an average of counts of solutions of a certain k-th power congruence. 
Then for any fixed ε > 0 and x 2 we have
The proof of this is based on the Prime Ideal Theorem, and we begin by giving a formal statement of an appropriate form of the latter. We then deduce that
We therefore obtain the following version of the Prime Ideal Theorem. 
Proof (Proof of Lemma 3.1.).
Since it may happen that −u is a perfect power we begin by taking a to be the largest divisor of k for which −u is a perfect a-th power. Then if −u = v a and k = ab we see firstly that the polynomial X b − v is irreducible over the rationals, and secondly that
We will apply Lemma 3.4 to the field K = Q(θ ), where θ is a root of X b − v. Thus K has degree b k. Moreover its discriminant will be a divisor of
We now set
If we choose the constant C(k, η) sufficiently large then whenever x x 0 we will have
It therefore follows from Lemma 3.4 that
for x x 0 . We now write ν K (p) for the number of first degree prime ideals of K lying above p. Then 
when x x 0 . We now observe that
by (1) . Assuming that y x 0 we may then use summation by parts to calculate that
We therefore have
when y x 0 . Of course this estimate is trivial when y x 0 since one then has log y ≪ k,η |D| η ≪ k,η |u| kη . The lemma then follows.
Main argument
Fix a positive integer k. Let x be a large number, sufficiently large depending on k, let c 1 and c 2 be two positive constants depending on k to be chosen later, and put
In the rest of the paper we will prove the following lemma.
Lemma 4.1
There is a number m 2N such that m k + u is composite for |u| y.
Theorem 1 will follow upon observing that m k e kx+o(x) as x → ∞ and consequently that
We will select m be choosing residue classes for m modulo p for primes p x. Let
We first choose
Observe that p|(m k + u) if p|u for some p ∈ P 1 . Because y < (x/4) log x, any remaining value of u is thus either composed only of primes in P 2 (in particular, u is z-smooth), including |u| = 1, or |u| is a prime larger than x/4. For any u in the latter category such that p|(u + 1) for some p ∈ P 2 , p|(m k + u). Let U denote the set of exceptional values of u, that is, the set of u ∈ [−y, y] not divisible by any prime in P 1 , and such that if |u| is prime then p ∤ (u + 1) for all p ∈ P 2 . By Lemmas 2.1 and 2.2, if c 1 is sufficiently small, then
Choosing c 2 appropriately, we can ensure that |U| δ x/ log x, where δ > 0 depends on k (δ will be chosen later). The remaining steps depend on whether k is odd or even. If k is odd, the construction is very easy. For each u ∈ U, associate with u a different prime p u ∈ (x/4, x] such that (p u − 1, k) = 1 (e.g., one can take p u ≡ 2 (mod k) if k 3). Then every residue modulo p u is a k-th power residue, and we take m in the residue class modulo p u such that
By the prime number theorem for arithmetic progressions, the number of available primes is at least
Therefore, m k + u is divisible by a prime x for every |u| y. Furthermore, (1) and (2) together imply that m is defined modulo a number N ′ , where N ′ |N. Therefore, there is an admissible value of m satisfying N < m 2N. The prime number theorem implies that N = e x+o(x) , thus m k − y > x. Consequently, m k + u is composite for |u| y. Now suppose that k is even. There do not exist primes for which every residue modulo p is a k-th power residue. However, we maximize the density of k-th power residues by choosing primes p such that (p − 1, k) = 2, e.g. taking p ≡ 3 (mod 2k). For such primes p, every quadratic residue is a k-th power residue. Let
By the prime number theorem for arithmetic progressions, |P 3 | x/(5φ (2k) log x). We aim to associate numbers u ∈ U with distinct primes p u ∈ P 3 such that −u p u = 1. This ensures that the congruence m k + u ≡ 0 (mod p u ) has a solution. We, however, may not be able to find such p for every u ∈ U, but can find appropriate primes for most u. Let
The numbers u ∈ U\U ′ may be paired with different primes p u ∈ P 3 such that
Next we will show that |U ′ | is small. Write
Each u may be written uniquely in the form u = su 2 1 u 2 , where s = ±1, u 2 > 0 and u 2 is squarefree. By quadratic reciprocity,
since p ≡ 3 (mod 4). Given u 2 , there are at most y/u 2 √ y choices for u 1 . Hence, using Lemma 2.3,
It follows that |S| ≫ |U ′ |(x/ log x) 2 , and consequently that
Let A mod M denote the set of numbers m satisfying the congruence conditions (1) and (3), where 0 A < M. Thus, if m ≡ A (mod M) and u ∈ U ′ , then m k + u is divisible by a prime x/2. Let
We'll take m = M j + A, where 1 j K, and aim to show that there exists a value of j so that (m j + A) k + u is composite for every u ∈ U ′ . By sieve methods (see [5] ),
q .
By Lemma 3.1, the above product is ≪ k,ε u ε/2 log y log K ≪ k,ε u ε/2 log x x .
Combined with our estimate (4) for the size of |U ′ |, we find that
It follows that the left hand side above is zero for some j. That is, (M j + A) k + u is composite for every u ∈ U ′ . Therefore, (M j + A) k + u is composite for every u satisfying |u| y. Finally, we note that M j + A 2N, and the proof of Lemma 4.1 is complete.
Remark 1.
For odd k the constant c(k) in Theorem 1 is effective. For even k it is ineffective due to the use of Siegel's theorem in the proof of Lemma 3.1.
